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( – ) [KNo] Riemann
Lie





$G$ Lie $K$ $Ad(K)$
$G/K\text{ }$ $G$- Riemann <, $>$ $G$ 3 \mbox{\boldmath $\sigma$}
$(G/K, <, >)$ ( $(G/K,$ $\sigma,$ $<,$ $>)$ ) Riemann 3-
(i) $(G^{\sigma})_{0}\subset K\subset G^{\sigma},$ ( $G^{\sigma}$ \mbox{\boldmath $\sigma$} $(G^{\sigma})_{0}$ )
(ii) $s$ $\pi\circ\sigma=s\circ\pi$ $(G/K, <, >)$ $s$
$(G/K, \sigma, <, >)$ Riemann 3 $\mathrm{g},$ $\mathrm{f}$ $G$ , K Lie
$g=\mathrm{e}+\mathfrak{p}$ $G$ Lie $Ad(K)$- $\sigma-$ (
) $\mathfrak{p}$ $G/K\text{ }\{K\}$ –




$[JX, JY]_{\mathrm{f}}=[X, Y]\mathrm{e}$ ,
$[JX, Y]_{\mathfrak{p}}=-J[X, Y]_{\mathfrak{p}}$ , $X$ , $Y\in \mathfrak{p}$
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Lie 3
$G$ Lie $\mathrm{g}$ Lie $\mathrm{g}$ Lie $\mathfrak{h}$
1 $\mathrm{g}_{\mathbb{C}}$ $\mathfrak{h}_{\mathbb{C}}$ root $\Delta_{\text{ }}$ $1\vee\supset$ root $=\{\alpha_{1}, \cdots, \alpha_{l}\}$
$(l=\dim \mathfrak{h})$ $B$
$\mathrm{g}$ Killing form $\alpha\in\Delta$ $H_{\alpha}\in\sqrt{-1}\mathfrak{h}$ $\alpha(H)=$




$[E_{\alpha}, E_{\beta}]=N_{\alpha,\beta\alpha+\beta}E$ , $N_{\alpha,\beta}=-N_{-\alpha,-}\beta\in \mathbb{R}$,




$\alpha_{i}(H_{j})=\delta_{ij}$ , $i,$ $j=1,$ $\cdots,$ $l$
$\delta=\sum_{1}^{\iota_{m}},\alpha$’ \Delta \mbox{\boldmath $\sigma$}\supset \Pi root
(cf. Helgason [H])
Lemma 22. $g$ ( $G$) 3 \mbox{\boldmath $\sigma$} $=Ad(g)(G$
$\sigma(\cdot)=g(\cdot)_{\mathit{9}^{-})}1$ $g\in G$
(1) $g= \exp\frac{2\pi}{3}\sqrt{-1}H_{i},$ $(m_{i}=2)$
(2) $g= \exp\frac{2\pi}{3}\sqrt{-1}(H_{i}+H_{j})_{f}(m_{i}=m_{j}=1)$
(3) $g= \exp\frac{2\pi}{3}\sqrt{-1}H_{k}f(m_{k}=3)$




$(G/K, \sigma, <, >)$ $G$ $<,$ > $G$
Riemann 3- $\nabla$ $(G/K, <, >)$
Levi-Civita Gray [G] implicit ( $\text{ }$ )




Proof. $\circ=\{K\}\in G/K$ $X\in \mathfrak{p}$ $\circ$ $X_{*}$
$(X_{*})_{\mathrm{e}\mathrm{x}}\mathrm{p}x\cdot \mathit{0}=(d\exp_{X})$ (X), ($x\in \mathfrak{p},$ $|x|$ : )
Lemma $(\overline{\nabla}\mathrm{x}_{*}Y_{*})$ $=0$ $<,$ $>$ $G$
$(\nabla_{X}$ $Y_{*})_{\mathit{0}}= \frac{1}{2}[X, Y]_{\mathfrak{p}}$
J G- Lemma 2.1 $(\overline{\nabla}_{X_{*}}Y_{*})$ $=$
$0$
Lemma 3.2. $(G/K, \sigma, <, >)$ $G/K$
$G$ Lie ( - )
(totauy comple
$\mathrm{P}\mathrm{r}\circ\circ \mathrm{f}$ . N G/K $2\dim N=\dim G/K$
Lemma 3.1 $N$
$\overline{T},\overline{R}\text{ }\overline{\nabla}$
$\overline{\tau}_{o}(X, Y)=-[X, Y]_{\mathfrak{p}}$ ,
$\overline{R}_{O}(X, Y)Z=-[[X, Y]\mathrm{e},$ $z]$ , $X,$ $Y,$ $Z\in \mathfrak{p}$
$N$ $\mathit{0}$ $T_{o}N=V(\subset \mathfrak{p})$ N $\overline{\nabla}$
$\overline{T}_{o}(V, V)\subset V,\overline{R}$ ( $V$, V)V\subset V $a=V+[V, V]\mathrm{e}$
$\mathrm{g}$ Lie $N\subset A\cdot \mathit{0}$ $A$ $\mathfrak{c}\iota$ $G$ Lie
( $A\cdot \mathit{0}$ [S], [Tol] )
‘totally complex’
N ‘ ’ $\mathfrak{a}$
Proposition3.3. $G$ G/K almost effective
N $\mathit{0}$ $(G/K, \sigma, <, >)$ $2\dim N=\dim G/K$
$\mathrm{g}$ Lie $\mathfrak{a}$
$\mathfrak{a}=V+[V, V]\mathrm{e}$ , $(V=T_{o}N)$
$(\mathrm{g}, a)$ symmet$7\dot{\eta}\mathrm{C}$ pair
Proof. $\mathrm{g}$ $a$ ( $\mathrm{g}$ Killing form )
$\mathfrak{m}$
$[\mathfrak{m},\mathfrak{m}]\subset a$ $<,$ > $Ad(G)-$
Lemma 2.1 $G/K$








$\mathbb{R}\oplus \mathbb{R}\oplus \mathbb{R}$ , $\triangle su(2)\oplus \mathbb{R},$ $(\triangle su(2)=\{(X, x);^{x}\in su(2)\})$
Example 3.5. $(G/K, \sigma, <, >)$ $G$ Lie $\sigma$
Riemann 3- (K \mbox{\boldmath $\sigma$} $<,$ $>$ $G$
) $\sigma$ $\mathrm{g}$ Lie $




$(\mathrm{g}, a)$ $A$ $\mathfrak{a}$ $G$ Lie
$\mathrm{A}\cdot \mathit{0}$ $(G/K, \sigma, <, >)$
$(E_{\alpha-\alpha}-E)\in \mathfrak{p}$
$J(E_{\alpha}-E_{-}\alpha)=\sqrt{-1}(E\alpha+E_{-\alpha})$ $-\sqrt{-1}$($E$ $+E_{-\alpha}$ )
4.
1- Riemann 3- $(G/K, \sigma, <, >)$ K
$G$ $G/K$ almost
effective $G$ Lie
( $K$ \mbox{\boldmath $\sigma$} Lemma 2.2 (1) (2)
) $G$ $<,$ $>$ -B ($B$ Killing form)
Riemann 3- $(G/K, \sigma, <, >)$
N $(G/K, \sigma, <, >)$
$N$ $\mathrm{T}\mathrm{R}\mathrm{G}$-pair
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Takeuchi [T] G/K Her te
1 graded Lie
$g^{*}$ 9c $\mathbb{C}$ Lie $\mathbb{R}$ noncompact Lie
( $\mathrm{g}^{*}$ noncompact Lie Lie
) \tau $g^{*}$ Cartan involution $\tau$ Cartan
(4.1) $\mathrm{g}^{*}=\mathfrak{a}+\mathfrak{m}$, $\tau|_{a}=1$ , $\tau|_{t\mathfrak{n}}=-1$ ,
$\mathrm{g}^{*}$ ( 2 )gradation 1 :
(4.2) $\mathrm{g}^{*}=g^{*}-2^{+}9^{*}-1+g^{\star}0+9^{*}1+9*2$ ’
$\tau(\mathrm{g}^{*}\mathrm{P})=_{9^{*}-p}$ , $(p=0, \pm 1, \pm 2)$
$Z\in \mathrm{g}^{*}$ (- ) gradation characteristic element
Z g* :
(4.3) $\{X\in \mathrm{g}^{*}|[z, x]=pX\}=\mathrm{g}^{*}p$ ’ $(p=0, \pm 1, \pm 2)$
(4.1), (4.2), (4.3) $Z\in \mathfrak{m}\cap g_{0}^{*}$
$g^{*}0=9^{*}0^{\cap}+\mathrm{g}^{*}0\mathfrak{a}\cap \mathfrak{m}$ ,
$g^{*}p+9^{*}-p=(\mathrm{g}^{*}p+_{9^{*})}-p(_{9^{*}+9^{*})\mathrm{n}\mathfrak{m}}p\cap \mathfrak{a}+-p’ (p=1,2)$
$g=a+\sqrt{-1}\mathfrak{m}$ $\mathrm{g}^{*}$ dual Lie $g$ Lie
$\mathfrak{p}$
(4.4) $\mathrm{e}=_{9^{*}00}\mathrm{n}\mathfrak{a}+\sqrt{-1}(\mathrm{g}^{*}\cap \mathfrak{m})$ ,
$\mathfrak{p}=\bigoplus_{p=1}^{2}\{(9p+*\mathrm{g}-p)*\mathrm{n}a+\sqrt{-1}((9p9-+**p)\cap \mathfrak{m})\}$
reductive $\mathrm{g}=k+\mathfrak{p}$ $\mathrm{g}$ \mbox{\boldmath $\sigma$}
$\sigma=Ad(\exp\sqrt{-1}z)\underline{2\pi}$
3




$J= \frac{2}{\sqrt{3}}(\sigma+\frac{1}{2}I)$ : $\mathfrak{p}arrow \mathfrak{p}$
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$\mathfrak{p}$ $J$
$X_{+}+X_{-}\in(_{9^{*}1^{+_{9-1}}}*)\mathrm{n}\mathfrak{a}$ , $(x_{\pm}\in_{9^{*}\pm 1})$





Killing form $\mathfrak{p}=\emptyset \mathrm{n}\mathfrak{p}+J(a\cap \mathfrak{p})$
$\mathrm{g}^{*}$
$g_{\mathbb{C}}$ Gc gC Lie 1- Lie
$G,$ $A$ $g,$ $\mathfrak{a}$ Lie $G_{c}$ Lie
($G_{c}$ )G $(G, A)$ Riemann
$K=G^{\sigma}$ $K\text{ }\not\in$ Lie $G$ Lie
$A\cdot \mathit{0}$ $(G/K, \sigma, <, >)(<, >=-B(, ))$
$2\dim(A\cdot \mathit{0})=dimG/K$ TRG-pair
$((G/K, \sigma, <, >), \mathrm{A}\cdot \mathit{0})$ graded Lie algebra $(\mathrm{g}^{*}, \tau)$ TRG-pair
Remark $\mathit{4}\cdot \mathit{2}$. $\mathrm{g}^{*}\pm 2=\{0\}$ [T]
Hermi.te
Remark 4.3. \mbox{\boldmath $\phi$} 2 2 simple graded Lie algebras $(g^{*}, \tau),$ $(\overline{\mathrm{g}}^{*},\overline{\tau})$
$\mathrm{i}_{\mathrm{S}\mathrm{o}\mathrm{m}\mathrm{o}}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{S}\mathrm{m}\text{ }$ \mbox{\boldmath $\phi$} $g^{*}$ $\overline{\mathrm{g}}^{*}$ Lie isomorphism
$\phi(\mathrm{g}^{*}p)=\overline{g}_{p}^{*}$ , $(p=0, \pm 1, \pm 2)\overline{\tau}\circ\phi=\phi 0\tau$
Cartan $\mathrm{g}^{*}=\mathfrak{a}+\mathfrak{m}$ , g*=ct+
$\mathrm{g}^{*}$ V Lie $g,\overline{g}$ $\mathrm{g}^{*},\overline{\mathrm{g}}^{*}$ compact
dual
$\phi’$ : $garrow\overline{\mathrm{g}}$ ; $\phi’(x+\sqrt{-1}Y)=\phi(x)+\sqrt{-1}\phi(Y)$ , $(X\in a, Y\in \mathfrak{m})$
$\phi’$
$\mathrm{g}$ v isomorphism $\phi(\mathfrak{a})=\overline{a}$, \mbox{\boldmath $\phi$}’(e)=t
G/K G/K $A\cdot\circ \text{ }\overline{A}$ . o- $\overline{G}$
(V, $\overline{\tau}$ ) TRG-pair $G$
$((G/K, \sigma, <, >), N)$ TRG-pair $\mathit{0}\in N$
$V=T_{O}N\subset$ $\mathfrak{a}=V+[V, V]\epsilon$ Proposition 3.3 $(\mathrm{g}, \mathfrak{a})$
$g=\mathfrak{a}+\sqrt{-1}\mathfrak{m}$ noncompact dual $\mathrm{g}^{*}=a+\mathfrak{m}$
(9*c=gc: Lie ) Propositon 3.3
$\sqrt{-1}\mathfrak{m}=\sqrt{-1}\mathfrak{m}\cap \mathfrak{p}+\sqrt{-1}\mathfrak{m}\mathrm{n}\mathfrak{a}=JV+[V, JV]\epsilon$
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Lemma 44. 3 $k$ [V, $JV$] $\mathrm{e}\cap 3(=\sqrt{-1}\mathfrak{m}\cap 3)$
$\sigma=Ad(\exp\sqrt{-1}z)\underline{2\pi}$
3
$\mathrm{a}\mathrm{d}(Z)’$. $\mathrm{g}^{*}arrow g^{*}$ $0,$ $\pm 1,$ $\pm 2$ $\sqrt$-1Z
Proof. dim3 $=1$ 2 dim3 $=1$ Lemma (dim3 $=2$
)
$\mathrm{e}$
$\mathrm{g}$ Lie $\mathfrak{h}$ $g_{\mathbb{C}}$ $\mathfrak{h}_{\mathbb{C}}$
root \Delta root II $=\{\alpha_{1}, \cdots, \alpha_{l}\}$ Lemma 22 $\sigma=$
$Ad( \exp\frac{2\pi}{3}\sqrt{-1}Hi)$
$i$ root $\alpha_{i}$ ‘$\grave{\mathrm{a}}2$
$\mathrm{a}\mathrm{d}(H_{i}):g^{*}arrow \mathrm{g}^{*}$ t $0,$ $\pm 1,$ $\pm 2$ Lemma $3=\mathbb{R}\sqrt{-1}H_{i}$
[V, $JV$] $\mathrm{e}$
$\sqrt{-1}H_{i}=A_{!}+A_{2}$ , $A_{1}\in \mathrm{f}\cap 0,$ $A_{2}\in k\mathrm{n}\sqrt{-1}\mathfrak{m}$
$\sqrt{-1}H_{i}\in 3$ , $[\sqrt{-1}\mathfrak{m}, \sqrt{-1}\mathfrak{m}]=\mathfrak{a}$ , $[a, \sqrt{-1}\mathfrak{m}]=\sqrt{-1}\mathfrak{m}$
$A_{1},$ $A_{2}\in 3$ dim3 $=1$ $A_{1}$ $A_{2}$
$0$ A2=0 $3\subset k\cap a$
$[a, V]$ \subset V $X\in V$
$\sigma(X)=-\frac{1}{2}x+\text{ }X\in V$ $\text{ }X\in V$
$A_{1}=0_{\text{ }}$ $3\subset$ $[V, JV]_{\mathrm{t}}$
Lemma 44 Z characteristic element 2 graded Lie
$(\mathrm{g}^{*}, \tau)$ :
$\mathrm{g}^{*}=\mathrm{g}^{*}-2+9^{*}-1+9^{*}0+\mathrm{g}^{*}1+\mathrm{g}^{*}2$
graded Lie algebra graded Lie algebra
$\mathrm{T}\mathrm{R}\mathrm{G}$-pair
Proposition 4.5. TRG-pair 2 graded Lie algebra
2 TRG-pair $((G/K, \sigma, <, >c), N),$ $((\overline{G}/\overline{K},\overline{\sigma}, <, >_{\overline{G}}),\overline{N})$ x equivalent
$\varphi:(G/K, <, >G)arrow(\overline{G}/\overline{K}, <, >_{\overline{c}})$ $\varphi(N)=\overline{N}$
( )
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2 TRG-pair $((G/K, \sigma, <, >_{G}), N),$ $((\overline{G}/\overline{K},\overline{\sigma}, <, >_{G}),\overline{N})$ equivalent
G/K G/K effective
$\mathit{0}\in N,\overline{o}\in\overline{N}$ equivalence G/K G/K
\mbox{\boldmath $\varphi$} $\mathit{0}$ o- $(G/K, <, >_{G})$
$(\overline{G}/\overline{K}, <, >_{\overline{G}})$ ( ) \iota \mbox{\boldmath $\varphi$} \iota \mbox{\boldmath $\varphi$}(f) $=\varphi\circ f\circ\varphi$
[To2] Theorem 3.6 \iota \mbox{\boldmath $\varphi$}(G)=G
$\varphi(\mathit{0})=\overline{o}$ , \mbox{\boldmath $\varphi$}(N)=N
$\iota_{\varphi}(K)=\overline{K}$, $\iota_{\varphi_{*}}(_{0})=\overline{\mathfrak{a}}$
$\sigma=Ad(\exp\frac{2\pi}{3}\sqrt{-1}Z)$ $\sigma’=Ad(\exp\frac{2\pi}{3}\iota_{\varphi_{*}}(\sqrt{-1}Z))$
$(\overline{G}/\overline{K}, <, >_{\overline{G}})$ Riemann 3-
$((G/K, \sigma, <, >c), N)$ $((\overline{G}/\overline{K})\sigma’, <, >_{\overline{G}}),\overline{N})$
graded Lie isomorphic
$\mathrm{f}$ 1( 2nd Betti 1) Lemma 44
$((\overline{G}/\overline{K},\overline{\sigma}, <, >_{\overline{G}}),\overline{N})$ $\sqrt{-1}\text{ }\iota_{\varphi}(\sqrt{-1}Z)$ -\iota \mbox{\boldmath $\varphi$} $(\sqrt{-1}Z)$
$((\overline{G}/\overline{K},\overline{\sigma}, <, >_{\overline{G}}) ,\overline{N})$ $((\overline{G}/\overline{K}, \sigma’, <, >_{\overline{G}}),\overline{N})$ graded Lie
isomorphic Remark 4.3
Theorem 46.
{ 2 graded Lie Lie }/\sim
$\downarrow$
$\{TRG-pairs\}/\sim$
$\mathrm{g}_{0}$ 1 gmded Lie 1 1
{ 2 gtded Lie $g;\mathrm{g}_{\mathbb{C}}$ $\mathrm{g}_{0}$ $1$} $/\sim$
$\downarrow$
{ $TRG$-pair $b_{2}(G/K)=1$} $/\sim$
Remark 4. 7. 2 graded Lie algebra isomorphism class Kaneyuki [K]
41
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